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The Trouble with Singularities 

Black holes have captivated popular 
culture and science alike. Much of their 
enduring attraction and mystery lies 
in their almost unfathomable ability to 
warp space and distort time. Spacetime 
is the notion that the three dimensions 
of space and the single dimension of 
time are not only inextricably linked but 
can be conceived mathematically as a 
single continuum. Astrophysicists are 
still puzzling out the mathematics that 
describes how black holes work and 
their effects on spacetime. 

The 2020 Physics Nobel Prize was shared 
between Reinhard Genzel and Andrea 
Ghez ‘for the discovery of a supermassive 
compact object at the centre of our 
galaxy’ and Roger Penrose ‘for the 
discovery that black hole formation is a 
robust prediction of the general theory 
of relativity’. Penrose’s 1965 paper is 
credited as the first to prove a modern 
singularity theorem. It uses very general 
hypotheses about spacetime to predict 
an ‘incomplete, in-extendible, causal 
curve’ – analogous to a black hole. A 
causal curve is the path in spacetime 
which any physical object, including us, 
will travel along. An incomplete or finite 
causal curve indicates that the object 
has come to an abrupt end.

Whilst Penrose’s paper rightly earned 
him a Nobel Prize, there is much that 
remains to be explained. Critically, does 
the mathematics in Penrose’s paper 
actually predict the infinite spacetime 
curvature which lurks at the heart of 
black holes, or does it purely provide the 
analogy for a gravitational singularity 
as an incomplete, in-extendible, 
causal curve? And if Penrose’s paper 
doesn’t fully describe the fate of these 
incomplete curves, what does? What 
actually happens when you approach a 
gravitational singularity?

Part of the problem in determining 
the answer to this question is that 
Penrose’s definition of gravitational 
singularities is not amenable to the 
use of computational methods for 
investigations, and so it is very hard to 
determine the fate of the incomplete 
curves. To try and solve this conundrum, 
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The swirling vortexes of incredible gravitational strength we call black 
holes are amongst astrophysics’ most recognisable and captivating 
phenomena. Whilst regularly featuring in films, novels and popular 
science texts, black holes continue to pose mathematical challenges 
for the physicists working in this field. Distinguished Professor Susan 
Scott from The Australian National University has been undertaking 
research to solve some of these mathematical conundrums. 
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Professor Susan Scott from The Australian National University 
uses the Abstract Boundary construction to provide the 
necessary tools to compute the curves in spacetime and 
determine their properties.

Coordinate System Complexities

The first problem that Professor Scott tackled was that of 
coordinates. Spacetime is often described as a Lorentzian 
manifold. The mathematical structure of the manifold describes 
how points on the manifold are related to each other, and how 
changes at one point will affect other points in the manifold. A 
vital part of this manifold is that any concept described by the 
manifold should be independent of any coordinate systems. 
In essence, this means that changing the coordinate system 
of a problem shouldn’t change the physical properties being 
investigated.

Classically gravitational singularities, located at the edge of 
spacetime, are analysed using various coordinate systems. 
For example, for the Kerr black hole, using a system called 
Boyer–Lindquist coordinates in four-dimensional space, the 
incomplete, in-extendible, causal curves described by Penrose 
all converge on a single point and approach infinite curvature: 
the centre of the black hole. Other incomplete, causal curves 
also converge at this point but do so with finite curvature. As 
these two different classes of curves all converge at one point, 
the boundary point of this system is called a ‘mixed point’. The 
mixed nature of this point, involving some curves approaching 
it with infinite curvature and some curves approaching it with 
finite curvature, means that it is very hard to delve into the 
singularity’s inner structure, making further mathematical study 
difficult.

However, using a different coordinate system called Kerr-Schild, 
the curves no longer converge and have different endpoints. The 
boundary points now form a two-dimensional disc. The interior 
points of the disc have finite curvature and are called ‘regular 
points’. The spacetime can be extended through these points. 
The incomplete, in-extendible, causal curves approach infinite 

curvature at endpoints on the boundary of the disc, and reach 
the heart of the black hole. This more open representation of 
the Kerr black hole makes it much easier to compute the internal 
structure in Kerr-Schild coordinates. However, Professor Scott 
explains that under this coordinate system, the boundary points 
change as different charts are used, meaning that the boundary 
features of spacetime are not coordinate-independent. We have 
to choose the boundary which best represents the physical 
properties of the spacetime.

Applying the Abstract Boundary Construction

To solve this problem of coordinates, Professor Scott devised a 
new construction for spacetime called the Abstract Boundary. 
This approach considers all the ways that a spacetime can 
be mapped into larger spaces of the same dimension. The 
boundaries of the original spacetime in the larger spaces are 
then compared to form the Abstract Boundary for the original 
spacetime. This Abstract Boundary contains the classical 
coordinate-based method for singularity study, but also removes 
the coordinate link with the Lorentzian manifold. The Abstract 
Boundary allows classical investigations of gravitational 
singularities as well as yielding a mathematical representation 
of Professor Penrose’s definition of a gravitational singularity 
provided by his singularity theorem.

The next step for Professor Scott was to find a way to begin 
investigations of the incomplete, in-extendible, causal curve 
discovered by Professor Penrose. She developed a new theorem 
using the Abstract Boundary, called the Endpoint Theorem. 
By applying this new theorem, Professor Scott can provide a 
location for the gravitational singularity at the endpoint of the 
incomplete, in-extendible, causal curve predicted by Penrose in 
his singularity theorem.

The Abstract Boundary also has its own singularity theorem, 
which complements Penrose’s singularity theorem. This 
theorem shows that the incomplete, in-extendible curve 
predicted by Penrose’s singularity theorem reaches its newly 
determined endpoint at some type of gravitational singularity 
– it does not approach a normal point of spacetime. Armed 
with this knowledge of the location of the endpoint of the curve 
and the fact that the curve ends at a gravitational singularity, 
astrophysicists can now begin computational explorations of 
Penrose’s singularity definitions. In particular, it remains to be 
shown that the curvature of spacetime becomes infinite along 
the incomplete curve as its endpoint is approached, implying 
the existence of a black hole.

Professor Scott explains that although her research doesn’t yet 
quite describe all aspects of a black hole, her use of the Abstract 
Boundary means that astrophysicists now have a much more 
rigorous mathematical basis from which to investigate black 
holes. This leap forward is getting us ever closer to answering 
the question of what actually happens when you approach a 
gravitational singularity.
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Distinguished Professor Susan M. Scott is a mathematical 
physicist working in the Centre for Gravitational Astrophysics 
at The Australian National University. Professor Scott earned 
her PhD in Mathematical Physics in 1991 from The University 
of Adelaide for her thesis ‘New Approaches to Space-time 
Singularities’. Her research interests cover general relativity, 
theoretical and laboratory cosmology, gravitational waves, and 
software development for gravitational research. Professor Scott 
has contributed to numerous papers, scientific committees 
and conferences. In 1994, she founded the Australasian 
Society for General Relativity and Gravitation and, in 2007, 
organised the simultaneous 18th International Conference on 
General Relativity and Gravitation and the 7th Edoardo Amaldi 
Conference on Gravitational Waves in Darling Harbour, Sydney. 
Professor Scott has been interviewed widely on astrophysics, 
produced educational videos on YouTube, and been chief 
science advisor on films and other productions. 
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